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Abstract: The additive functional equation is the best-
known functional equation. The stability question is: At
which time that the solutions of the functional inequality
are near to that of the strict functional equation? In the
paper, we generalize the stability of the approximately
additive mapping in a restricted domain. It is provided
that the mapping which meets the additive equation
approximately in a restricted domain is stable in entire
space.
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1. Introduction

In Ref. [1], Ulam put forward the fundamental problem
with regard to the stability of homomorphisms. In 1941,
the first significant result concerning this subject was
gave by Hyers [2] which established the stability of the
additive mapping. After that, functional equations
stability is generalized and developed by an increasing
number of mathematicians in various directions (see [3-
14]). In particular, Rassias presented a drastic
generalization of Hyers’s theorem and provided a
generalized solving method for Ulam’s problem [3].

So far, the stability of functional equations defined on
entire space was studied. The enquiry about the stability
of the additive mapping in a restricted domain is natural.
Exactly speaking, whether a strict additive mapping close
to a mapping satisfying the additive inequality in a
restricted domain.

Skof gave a result that was a good answer to the above
question [4]. Hyers confirmed a generalized stability
theorem of the additive mapping in a restricted domain
and employed it to the asymptotic derivability which
plays a significant role in nonlinear analysis [5].

In the note, we prove some theorems on stability of
approximate additive mapping, which generalize Skof’s
theorem.

2. Main Results

Theorem 1. Let E; be a real normed vector space, E; be
a real Banach space. Given numbers € >0 m>0 r>2,
reNand Pwith O<P<1 i f:E - E;gaisfies

Huzxn)—zf(xn) <SS o
n=1 n=1 n=1

r

for allx, € E;, 1<i<rwith > [x[" > mP, then there is
i=1

a unique additive mapping y : E, — E, such that

00w (< 5 " @

. m .
for all x e E, with |x| > —~-. Moreover, y is presented
r

by the formula

.1 n
w(¥)=lim = [ (r'x)] ®)
forall xeE,.
Proof. Claim that when ||X|| , we have
f(rr %) f ()] < el Z(r" ) (4)

for any integer N . We use induction on N . The case n=1,

when x| > =, that is when r|x|” > m®, we may put
X =X, =...=X, = xin (1) to obtain
T ) <ol

Assume that (4) holds for some n € N and we want to
prove it for the case n+1. Because in (4), we can replace

X by rXx since erH > m , We get
ryp

() o) < o $ 7y
m=0

Then

f(r™x) f(rx

(r”+1 ) ( : <8HXH Z(rpl
We obtain that

n+l n+l f f
G rMx) (rx)H \ (rx) t

s8||x||”i<rpfl>m+e||x||p =suxu”z<rw>m
m=1 o
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Thus for any integer N, we arrive at (4). Because

i (rP™*)™ converges to 1
1_

- as 0< p<1,weget

m=0
n+l
M0 < Lo
However for m>n>0,
(GRS f(r”x)|| 1 f(r X _ ¢y
| |
1 ™) f(r"x)
- ’.So AN A7 Py g 9
Tt l-rft . re r" °
Since E; is complete, thus the sequence
{ri”[ f (r"x)]}converges.
Let g(x) = Iim in[f(r"x)], then when HXH >
oG = 100 < 5=l (5)
Now we suppose that ||X ||> m and z Zﬂ,
— i ryp
then for all N N, by (1) we have that
r r 1 1< .
g(zxk)=zg(xk)' n n Zf(l’ Xi)
k=L k=1 r B

c r
r.n(l—p) Z”Xi " p'
i=1

By the definition of g , we get that for all

m

X, € E;,1<i <rwith ||X ||>— and el

Given any xeE, with 0<Hng£, let
rl/p

k=k(x) =min{k € N :r¥|x| = —7-}. And set
r

o, .. x=0;
w(X)={r*g(r*x),. O<HxH<r%;
m
g(x), HXH2rW

then i/ is an extension of gto E,.
Now we prove that for every x € E;

1
p(x)=lim [T ()]
Fixed an X in E; with 0<HXH<%'WG can see

, then k(rx)=k(x)-1=k—-1and

Case 1. If 0<erH

by definition we have
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w(rx) =r “Pg(r(rx)) = rrg(rx) = ry(x). Cas
e 2. If x> mp , then k(x)=1 and k(rx)=0 . SO

w(rx) = g(rx) =rrg(rx) = ry7(x) . Then we get that for
all X in Ex, w(rx) =ry/(x).

Let a nonzero element xeE, . Select a positive

integer M so big satisfying HrM XH > r% Then

w()=rMg(r"x) =r™ lim in f(rm-rMx)
n—o |
= rlwl R f(r™"x)

which proves (3) for x=0. Obviously (3) is true for
x=0.
Nest we will prove the additivity of y . When either X

or Y is zero, we can easily come out that y is additive.
Suppose that x=0and y =0, choose integer n> 0 with

® > mP, then we have from (1) that

Hf(r”x+ r'y+0+---+0)

— (M) - F(r"y)—(r-2)f(0)| <
Divide two sides of this inequality by r",
that y(x+y) =y (x) +y(y)-

So y is an additive mapping. Since when H

we compute

w(x) = g(x), then by (5) we obtain (2).
The last we prove that i is unique. Assume there is an
additive mapping ¢: E, — E, satisfies (2) when I| z%’
r P

then for all x € E; \{0}, we deduce that

() =y ()] < £ le i
for the big enough n. Therefore

2¢
1909w (< =
Let n—owo , we find that g(x)=y(x), VxeE, \{0}.
Obviously, #(0) = (0)-
Corollary 1. Let E; be a real normed vector space, E;be a
real Banach space. Given numbers ¢>0, m>0,r>2,

reNand pwith 0< p<1.If f:E — E,satisfies

1
loGo - f 00l < =’ 5)

fEx) -2 ) <X s ©)

for all x, eE,, 1<i<r with |x|>m and ZHXH>m
i=1

Then there is a unique additive function y : E, — E, such

that
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HORTOE

forall x e E,with ||x| >m.

&
=t ™

Proof. We replace HXH>% with |x>m and the
r

proof is similar with the proof of Theorem 1.

By using the result of Corollary 1 we can get the
following result.
Corollary 2. Let E; be a real normed vector space, E; be a
real Banach space and £>0,m>0, r=2, reN . If

f :E, — E, satisfies
fOQx)-D f(x,)
n=1 n=1

for all x; € E,, 1<i< rwithzr:HxiHZ m. Then there is
i=1

<¢ (8)

a unique additive mapping y : E; — E, such that
&
fF(X)-yv(X)|<— 9
[f09-v (<= ©)

forall x < E, with|x| > m and
r

H f(x) —y/(x)H <9¢+9(r —Z)H f(O), vxeE. (10)
Proof. From Corollary 1, we know that there exists an
additive mapping y : E, — E, satisfying (9) when x e E,

and || > M On the other hand, when x|+ [y]=m
r

Hf(x+y)— f(x)—f(y)Hgg+(r—2)Hf(O)H.
Therefore, by F. Skof’s theorem in [4], there is an
additive mapping o, :E, — E, such that

|00 —(X)|<9e+9(r-2)| f(0)| VX E. (11)
Thus, for each x e E;\{0}, when N is big enough, we

have fip (m) -y ()] <96 +—=—+9(r -2)] £ (O)]

Therefore
9(r-2)|f () 9
lo 00—y <2 WO, 9%, &
n n  n(r-1
Let = we see that o (x)=y(x) - Obviously,

@ (0) = (0)- Thus, from (11), we obtain (10).

3. Conclusion

This paper mainly discuss the stability of functional
equations. We generalize the stability of the
approximately additive mapping in a restricted domain.
And we prove that the mapping which meets the additive
equation approximately in a restricted domain is stable in
entire space. These results generalize Skof’s theorem.
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